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Abstract

Rayleigh±B�enard (RB) convection at high Rayleigh numbers was studied by transient Reynolds-averaged-Navier±Stokes

(TRANS) approach. The aim of the study was to assess the RANS method in reproducing the coherent structure and large-scale

unsteadiness in buoyancy-driven turbulent ¯ows. The method can be regarded as a very large eddy simulation (VLES) combining

the rationale of the LES and of RANS modelling. Following the experimental and DNS evidence that the RB convection is

characterised by a coherent cellular motion with scales which are much larger than the scales of the rest of turbulent ¯uctuations, the

instantaneous ¯ow properties are decomposed into time-mean, periodic and random (triple decomposition). A conventional single-

point closure (here an algebraic low-Re-number k ÿ eÿ h2 stress/¯ux model), used for the unresolved motion, was found to re-

produce well the near-wall turbulent heat ¯ux and wall heat transfer. The large scale motion, believed to be the major mode of heat

and momentum transfer in the bulk central region, is fully resolved by time solutions. In contrast to LES, the contribution of both

modes to the turbulent ¯uctuations are of the same order of magnitude. In the horizontal wall boundary layers the model accounts

almost fully for the turbulence statistics, with a marginal contribution of resolved scales. The approach was assessed by comparison

with the available direct numerical simulations (DNS) and experimental data using several criteria: visual observation of the large

structure morphology, di�erent structure identi®cation techniques, and long-term averaged mean ¯ow and turbulence properties. A

visible similarity with large structures in DNS was observed. The mean ¯ow variables, second-moments and wall heat transfer show

good agreement with most DNS and experimental results for di�erent ¯ow cases considered. Ó 1999 Elsevier Science Inc. All rights

reserved.

1. Introduction

Experiments and direct numerical simulations (DNS) show
that Rayleigh±B�enard convection is characterised by large-
scale coherent vortical structures. Its origin is in plumes and
thermals that rise from the outer edge of the boundary layer on
the heated surface (updrafts) and sink downward from the
upper cold boundary (downdrafts). These large cellular
structures (convection cells), found also in other convective
layers heated from below, are regarded as the major heat and
momentum carrier both in laminar and turbulent ¯ows in the
bulk of the central region. The rise and detachment of plumes
(as well as their impingement on the opposing surface) cause a
horizontal motion in the wall boundary layer, as found in the
experiments by Chu and Goldstein (1973) and DNS of Cortese
and Balachandar (1993). This motion is ultimately responsible
for the wall heat transfer, as well as for the buoyancy, Siggia
(1994). The latter, in turn, sustains the small-scale buoyant
updraft at the edge of the boundary layer, which coalesce into
large scale plumes. The morphology of these large structures
di�ers in laminar and turbulent regimes and, particularly in the
latter case, depends on the Rayleigh number �Ra�. In the

laminar regime the cells have a regular pattern with ®xed lo-
cations of the thermal release. This regularity disappears with
an increase in Ra number when the large structure becomes
unsteady and more disorderly, with more persistent horizontal
movement, although Chu and Goldstein (1973) detected some
preferred locations of thermals release even in turbulent re-
gime. An interesting question (particularly for statistical
modelling) is whether in the turbulent regime this structure can
still be regarded as a form of mean motion (with inherent
unsteadiness), or whether it evolves at certain Ra number fully
into turbulence (smooth spectrum and PDF) while retaining
some coherence related to the ¯ow geometry, (vertical di-
mension) and boundary conditions. Both, the experiments and
DNS indicate that despite disorder, large coherent structures
can be identi®ed even at very high Ra numbers. Recent DNS
by Kerr (1996) for of Ra6 2� 107, which is close to the de-
marcation between the soft and hard turbulence regimes,
Castaing et al. (1989), show that the large structures govern the
apparent chaotic behaviour of turbulent RB convection. Be-
yond this value of Ra number DNS are not available and very
little is known about the structure. Regularity and periodicity
(except for fundamental mode with wave length associated
with the ¯ow height) have not yet been detected with any
certainty. However, several sets of DNS results for low and
moderate Ra numbers throw more light on the morphology of
RB convection.
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This brief qualitative overview provides a su�cient evi-
dence of two distinct scales of motion: large amplitudes as-
sociated with plumes, thermals and convective cells, and the
turbulence generated mainly in the wall boundary layer and
carried away by the large scale structure. Whatever the nature
of the large structure may be, it seems clear that its scale is
well separated from the rest of turbulence, (which, depending
on Ra number, may posses a complete spectrum of turbu-
lence scales). This feature renders RB convection (and other
turbulent ¯ows with dominant large structures), suitable to
single-point turbulence closures in unsteady (transient) com-
putation. By fully resolving the large scale convective struc-
ture and associated momentum and heat transport (regarded
as particularly di�cult to model with single-point closures), a
simple eddy-di�usivity ± or algebraic closure can be used to
model the unresolved motion. The only requirement is that
the model should be capable of reproducing well the near
wall statistical properties, the wall shear and heat transfer.
This is the main di�erence as compared with subgrid models
in the LES. The other di�erence is that the model accounts
almost fully for the turbulence statistics in the near-wall re-
gion. This imposes a stricter requirement on the model of the
unresolved motion as compared with a subgrid-scale model
(SSG) in LES. However, a number of such models have been
shown to satisfy these requirements, at least in simple wall
parallel buoyancy driven ¯ows. TRANS brings also a sub-
stantial computational advantage. The time step can be
larger, allowing implicit time marching, the numerical mesh
away from a solid boundary does not need to be very ®ne,
and good statistics can be obtained with a relatively small
number of realisations. The problem of de®ning in¯ow con-
ditions at open boundaries is less restrictive. The method can
be applied for much higher Ra numbers than it is possible
with LES and can, therefore, be used for computations of
complex ¯ows of practical relevance.

This paper presents some results of application of the
TRANS approach with an algebraic turbulence closure model
to the computation of RB convection at high Ra numbers. The
turbulence model includes the low-Re-number and wall prox-
imity e�ects allowing integration up to the wall. The computed
wall heat transfer, mean ¯ow properties and second-moments
are compared with available experimental data, DNS, as well
as with results of two-dimensional steady RANS calculations.
The transient realisations are analysed using the criteria from
the critical point theory for the identi®cation of the coherent
structure, its spatial organisation and its role in RB convection
at high Rayleigh numbers.

2. Governing equations, model and numerical method

The momentum and energy equation for the instantaneous
motion can be written as
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For ¯ows with a distinct large structure, any instantaneous
¯uid property at a point Û�xi; t� can be decomposed into the
time-mean U�xi�, periodic ~U�xi; t� and random /�xi; t�, i.e.

Û�xi; t� � U�xi� � ~U�xi; t� � /�xi; t�: �3�

The long-term averaged second-moments of the instanta-
neous variables contain the cross terms, in addition to the
second-moments of each the periodic and random motion. For
a general case of a turbulence with a continuous spectrum, the
cross terms must be provided, or modelled jointly with the
second-moments of the random motion. In the present case we
assume that the periodic and random motions have very dif-
ferent scales and expect that these motions do not interact
directly, so that the cross terms can be neglected. With this
assumption, the long-term averaged energy equation reduces
to
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The ®rst three terms are provided from TRANS and the
last term from the single-point model. Further averaging over
homogeneous (horizontal) planes yields the expression for the
total heat ¯ux in the vertical direction (z):
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The contribution of the unresolved motion to the heat ¯ux
ÿhuj is modelled by a `reduced' algebraic ¯ux/stress model,
Hanjali�c (1994); Kenjere�s and Hanjali�c (1995). This model is
derived from the modelled di�erential transport equation for
hui by assuming weak equilibrium, but retaining all major ¯ux
production terms
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The stresses are also supplied from similar algebraic trun-
cation of the full transport equations. The algebraic expres-
sions are closed by solving the transport equations (modi®ed
for low-Re-number and near-wall e�ects) for the turbulence
kinetic energy k, its dissipation rate e and for temperature
variance h2, resulting in a three-equation model k ÿ eÿ h2.
This model was earlier applied to steady RANS computation
of a variety of buoyancy driven ¯ows and was found to re-
produce well the major mean ¯ow properties, turbulent and
wall heat ¯ux in most of the cases considered, Hanjali�c (1994),
Kenjere�s and Hanjali�c (1995) and Dol et al. (1997). It is noted,
that the second-moment statistics are obtained as a sum of
resolved and unresolved (modelled) contributions, as follows
from the long-term averaging, e.g. for variables U and W:

ÛŴÿ UW � ~U ~W� /w: �7�
In contrast to LES, both contributions are usually of the

same order of magnitude and close to a wall the unresolved
part is often larger, as is the case of the turbulent heat ¯ux and
temperature variance (see later).

Numerical simulation were performed by a fully vectorised
version of ®nite volume Navier±Stokes solver for three-di-
mensional ¯ows in structured non-orthogonal geometries,
with Cartesian vector and tensor components and collocated
variable arrangement. The SIMPLE algorithm was used for
the treatment of the pressure±velocity coupling. The second
order accurate central di�erence scheme (CDS) was applied
for the discretisation of the di�usive terms and second order
linear-upwind scheme (LUDS) for the convective terms. The
time marching is performed by a fully implicit second order
three-time-level method which allows larger time steps to be
used. In view of the fact that only large scales are being re-
solved, the use of an implicit time-marching seems both jus-
ti®ed and rational. Typical computations covered 150±300
nondimensional time units s� � s

���������������
bgDTH
p

=H which corres-
pond roughly to 10±20 convective time scales based on
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convective velocity and characteristic cell circumference, Kerr
(1996).

3. Long-term averaged properties

In order to compare the adopted approach with DNS and
LES data and with results of the earlier steady 2D RANS
computations, a series of time-dependent simulations of Ray-
leigh±B�enard convection were performed. Considered were
di�erent con®gurations and di�erent values of Ra number: the
case with a horizontal ¯at wall at Ra � 107, for which two
di�erent aspect ratios were considered (4:4:1 and 8:8:1) with
the grid of 623 and 1222 � 62 CV respectively, and Ra � 109

with (4:4:1 aspect ratio and grid size of 823 CV).
For the lower Rayleigh number considered the con®gura-

tions were chosen to correspond closely to those for which
DNS were previously performed by Gr�otzbach (1982), Cor-
tese and Balachandar (1993), W�orner (1994), Kerr (1996). The
LES reported by Eidson (1985) and Wong and Lilly (1994)
were also performed for similar situations and Ra numbers.
Computations were also performed for a larger value of Ra
number (109) in order to demonstrate applicability of TRANS
in range of high Ra numbers where the application of DNS
techniques will require an enormous amount of computa-
tional resources, as shown by Gr�otzbach (1983) and Kerr
(1996).

3.1. Integral heat transfer characteristics

The ®rst step in validation of the proposed turbulent clo-
sure model for thermal ®eld is to make comparison of the
integral Nusselt number. We compare our results with several
experimental, DNS and LES studies for di�erent values of Ra
number. First, the performance of 3D TRANS was compared
with previously calculated 2D RANS results, which were
performed for a wide range of Ra numbers from 106 up to 1012,
and for di�erent aspect ratios, as well as using di�erent closure
levels in modelling of the turbulent heat ¯ux, Kenjere�s and
Hanjali�c (1995). As seen in Fig. 1, the 2D steady RANS and
3D TRANS, with the same algebraic ¯ux/stress model, yield
almost identical Nusselt numbers, both for Ra � 107 and
Ra � 109.

Next we compare the 3D TRANS results in a range of low
and moderate Ra numbers with the DNS results of Kerr (1996)
and with two di�erent sets of LES, reported by Eidson (1985)
and Wong and Lilly (1994). In addition, the experimental
correlations proposed by Chu and Goldstein (1973), Fitzjar-
rald (1976), Threlfall (1975) and Wu and Libchaber (1992) are
also plotted, Fig. 1. The LES of Eidson (1985) yielded the
values of Nu� 8, 9.5, 12.5, 13.8, 18 and 19 for
Ra � 3:75� 105, 6� 105, 1:5� 106, 2:5� 106, 107 and 108,
respectively, which are much di�erent from the DNS and ex-
perimental correlations. For lower Ra numbers up to
2:5� 106, LES seriously over-predicts Nu number (by more
than 40%). According to Eidson (1985), this Ra value was the
highest for which the simulatations were successful. For higher
values of Ra number LES gave anomalous results, which
Eidson attributed to insu�cient resolution. It is interesting to
note that for Ra � 108 Eidson (1985) obtained an almost
identical Nu number as we obtained by 2D RANS with the
standard isotropic eddy di�usivity hypothesis, denoted in
Fig. 1 as SGDH ('simple gradient di�usion hypothesis').
However, this model was found inadequate for modelling
buoyancy driven ¯ows because it presumes a full alignment
between the components of the turbulent heat ¯ux and mean
temperature gradient, Ince and Launder (1989), but also be-
cause it does not account for the direct buoyancy e�ects on the

heat ¯ux (the third term in Eq. (6), Hanjali�c (1994). This leads
to a delayed e�ect of Ra number and produces laminar-like
solutions at relatively high Ra numbers. Not accounting for
buoyancy in the SGS model may be the reason for the failure
of LES at higher Ra numbers: Eidson (1985) used the simple
Smagorinsky subgrid model, which is akin to the isotropic
eddy di�usivity model in RANS. However, more recently
Wong and Lilly (1994) discussed the inclusion of the buoyancy
e�ects into SGS model. They proposed a modi®cation and
performed LES with two slightly di�erent dynamic SGS
models, which resulted in a small di�erence. Unfortunately,
they reported simulations for only one value of
Ra � 3:8� 105. The computed Nu number for this Ra number
was even higher than that of Eidson (1985). Peng and Da-
vidson (1998) obtained similar Nusselt numbers, despite the
modi®cations for buoyancy e�ects in their SGS. This consis-
tent overprediction of Nu number by LES in comparison with
Kerr (1996) DNS data and experimental correlations show
that despite the introduction of buoyancy e�ect into SGS, LES
has di�culties in reproducing the near-wall and wall
properties.

3.2. Mean temperature, its gradient and temperature variance

The computed long-term and spatially averaged mean
temperature and temperature variance for various values of
Ra are shown in Figs. 2 and 3, respectively. The 2D RANS
pro®les were obtained by cell averaging in order to eliminate
the e�ects of the side boundaries, while 3D TRANS and
DNS pro®les were obtained by spatial averaging over the
entire horizontal planes. As seen in Fig. 2(a), the mean
temperature pro®les compared by 3D TRANS and 2D
RANS methods agree very well with the DNS results over
the entire cavity height. Even in the near wall region, both
simulations show very good agreement with the DNS, with
somewhat better results obtained by 3D TRANS as the
distance from the wall increases. This is clearly demonstrated
in the semi-logarithmic plot in Fig. 2(b), where the temper-
ature is scaled with buoyancy velocity and derived buoyancy
temperature, showing a full near-wall similarity of pro®les
for a range of Ra numbers and excellent agreement with
DNS.

The mean temperature pro®le exhibits a characteristic dis-
tribution with a very steep gradient in the near-wall region and
almost isothermal core region. This behaviour of the mean
temperature explains why a very ®ne grid resolution is needed
for DNS at high Ra numbers, as argued by Gr�otzbach (1983).
On the other hand, the existence of almost isothermal core
region clearly shows that simple gradient models for the tur-
bulent heat ¯ux are inappropriate for con®gurations with
heating from below.

The temperature variance is much more di�cult to repro-
duce than the mean temperature. With an increase in the
Rayleigh number the peak moves from the centre closer to the
wall indicating a thinning of the thermal boundary layer,
Fig. 3. Note two contributions to the total variance (Eq. (7):

~T
2 � T̂

2 ÿ T
2

from the large scales (full resolution) and from

the model h2 of the unresolved motion (obtained from the

transport equation for h2). The total variance is denoted in
Fig. 3 by `T' and the model contribution by `M'. As seen, good
agreement is obtained in comparison with a DNS pro®le at
Ra � 107. The pro®les of temperature variance obtained by
3D TRANS show an improvement in the prediction of the
peak values in the near-wall region as well as in the central part
of the cavity as compared with 2D RANS computations (for
which only the modelled part is shown). When normalized
with buoyancy temperature the TRANS computations fall
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Fig. 2. (a) Long-term averaged temperature distribution in RB convection for di�erent Ra numbers; (b) scaling of mean temperature pro®les,

TRANS and DNS.

Fig. 1. Comparison of the calculated integral Nusselt numbers with experimental correlations, DNS and LES results.
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almost on the same curve as DNS results, despite a di�erence
in Ra numbers, Fig. 3(b).

Fig. 4 shows the two contributions to the turbulent heat
¯ux and temperature variance (squared). As indicated in the
introduction, both contributions are of the same order of
magnitude, with the modelled one prevailing in the near-wall
region. The sum of all three contributions to the total heat ¯ux
(Eq. (5)), normalised with the wall heat ¯ux, shows that the
long-term averaged total heat ¯ux is indeed constant over the
entire channel cross-section, as it should be, whereas most
DNS and, in particular, LES show a substantial variation due
to incomplete resolution. A good modelling of the near wall
heat ¯ux and temperature variance is a prerequisite for accu-
rate reproduction of the wall Nu number, which agrees well
with the available DNS and experimental correlations (Fig. 1),
as discussed earlier.

The mean temperature gradient in RB convection has
been the subject of several studies, aimed at establishing the
power scaling laws in di�erent regions. Despite substantial
experimental and DNS evidence, the power law at high Ra

numbers is still controversial. Two di�erent laws were pro-
posed based on theoretical and similarity considerations.
Based on the assumption that the only relevant length scale is
the actual distance from the wall, Priestley (1955) stated that
the vertical gradient of the mean temperature obeys a ÿ4=3
law. In contrast, Malkus (1954) argued that the thermal
boundary layer thickness is the characteristic length scale.
Together with the assumption that the non-dimensional heat
¯ux is a linear function of this length scale, Malkus arrived to
a ÿ2 law. It is interesting to note that most experimental
studies con®rmed the existence of ÿ2 power law and only a
few suggest a possibility of ÿ4=3 slope. Adrian et al. (1986)
proposed and experimentally veri®ed a uni®ed multi-layer
theory which actually includes both previously mentioned
power laws. These authors indicated at two possible reasons
for the failure in observing of a ÿ4/3 law in previously per-
formed experimental studies: the measurements reported did
not extend far enough from the wall, or the Ra was not large
enough. Of course, numerical simulations can provide a de-
tailed insight in the behaviour of the mean temperature

Fig. 3. (a) Temperature variance pro®les in RB convection for di�erent values of Ra number: M ± modelled, T ± total; (b) scaling of temperature

variance pro®les, TRANS and DNS.
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gradient. Unfortunately, the high Ra number range is far
beyond the DNS limits (up to 2� 107 in 1998) so that DNS
at present cannot provide possible clari®cation. Contrary to
current DNS limitations, TRANS technique can be easily
extended to much higher Ra, (Ra � 1012 was easily com-
puted), with only a moderate computational costs. To dem-
onstrate that, the calculations at Ra � 109 as a representative
of high Ra number range were performed, Fig. 5. It is in-
teresting to note that both 2D RANS and 3D TRANS
equipped with AFM model correctly reproduce the mean
temperature gradients which is in excellent agreement with
the physical model of Adrian et al. (1986) and Chung et al.

(1992). Three distinctive power regions are very well repro-
duced: a conductive region with a constant mean temperature
gradient for 06 z�6 1, a transitional region with a ÿ2 law up
to z� � 5 and, ®nally, a convective region which obeys a ÿ4=3
power law for z� > 5.

4. Identi®cation of large structures

The most common de®nition of coherent structures is
associated with vortical motion. However, di�erent possibil-
ities for identi®cation of vortex cores as representatives of a
vortical motion have been proposed. Various de®nitions of a
vortex can also be in the literature. The most frequently cited
de®nition is the one proposed by Robinson (1991): ``A
vortex exists when instantaneous streamlines mapped onto a
plane normal to the vortex core exhibit a roughly circular or
spiral pattern, when viewed from a reference frame moving
with the centre of the vortex core''. But the streamlines
representation of velocity ®elds requires a signi®cant amount
of CPU time for their calculations and very often the ®nal
output cannot bring a clear picture of the ¯ow, especially in
complex situations. The clarity can be improved by plotting
two-dimensional streamlines projections onto a characteristic
plane, but problem of high computational costs still remains.
In order to avoid extensive calculations, the introduction of
some representative scalar quantities is needed. Robinson
(1991) proposed low-pressure regions as regions which are
expected to correspond well to the vortex cores. By analysing
the late stage of transition in a channel ¯ow, Sandham and
Kleiser (1992) con®rmed that the same method represents
well coherent structures. Kasagi et al. (1995), adopted the
same approach in analysing their DNS database of the
channel ¯ow.By plotting the instantaneous vectors in various
sections, and found that many of low-pressure regions cor-
respond to the rotational ¯uid motions. But low-pressure
regions can misrepresent the vortex core due to non-local
character of the pressure which may have a larger scale than
the vortex core, as shown by Jeong and Hussain (1995). The
next scalar parameter which has been often used for the
identi®cation of the ¯ow topology is the modulus of vorti-Fig. 5. Dimensionless mean temperature gradient.

Fig. 4. The modelled and resolved parts of: (a) vertical turbulent heat ¯ux; (b) temperature variance.

334 S. Kenjere�s, K. Hanjali�c / Int. J. Heat and Fluid Flow 20 (1999) 329±340



city: jxij � jeijkoUj=oxk j. This approach was successful in
free-shear ¯ows, Jeong and Hussain (1995), but problems
persists in the near-wall regions where the vorticity magni-
tude shows a maximum value (regions where maximal ve-
locity gradients naturally occur). However, the high vorticity
in the near wall region originates from shear and not from a
swirling or rotational motion. This leads to a conclusion that
jxij is not a suitable parameter for vortex identi®cation in
RB convection.

A method of critical points (de®ned as positions where
the streamlines slope is indeterminate and the velocity is
zero) was introduced in Perry and Chong (1987) in order to
assess the ¯ow pattern at each point of the ¯ow. According
to this theory, the eigenvectors and eigenvalues of the mean
velocity gradient tensor (Aij�oUi=oxj) evaluated at a critical
point de®ne the ¯ow pattern. The eigenvalues and eigen-
vectors of the velocity gradient tensor (Aij) are obtained by
solving the characteristic equation, k3 ÿ I1k

2 � I2kÿ I3 � 0,
where

I1 � oUi

oxi
; I2 � ÿ 1

2

oUi

oxj

oUj

oxi
; I3 � Det�Aij� �8�

are three invariants of (Aij) and for incompressible ¯ows
I1 � 0.

A de®nition of vortex core as a region with complex
eigenvalues of (Aij) was proposed by Chong et al. (1990),
implying that the local streamline pattern is closed or
spiral in a reference frame moving with the point of in-
terest. The discriminant of the characteristic equation can
be written as

D � 1

3
I2

� �3

� 1

2
I3

� �2

: �9�

This determines the nature of the eigenvalues of Aij as
follows: D > 0 gives one real and two conjugate-complex ei-
genvalues, D < 0 gives three real distinct values and ®nally,
D � 0 gives three real values of which two are equal. A map
of all possible solutions of characteristic equations can be

Fig. 6. Time evolution of maximum velocity components and overall Nusselt numbers at bottom hot wall for two di�erent aspect ratios, Ra � 107.
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created by plotting trajectories of constant discriminant D in
I2 ÿ I3 plane. From the de®nition of the discriminant of the
characteristic equation it follows that the complex eigenvalues
occur when D > 0. Recently, Chong et al. (1998) applied their
``D'' approach to analyse the structure of wall-bounded shear
¯ows including boundary layers with zero-pressure-gradient,
separation and reattachment. They found that a positive
small value of the discriminant identi®es very well vortical
regions.

The de®nition of eddy structure as a region with positive
second invariant I2 of the velocity gradient tensor Aij was in-
troduced in Hunt et al. (1988) and Blackburn et al. (1996). The
second invariant I2, (denoted in ®gures as Q in accord with
notation of Hunt et al. (1988) can be interpreted as a measure
of the relative importance of the shear strain Sij �
0:5�oUi=oxj � oUj=oxi� and the rotation rate
Xij � 0:5�oUi=oxj ÿ oUj=oxi�. In regions where I2 is positive,
the rotational rate prevails over shear strain rate and where I2

is negative, the reverse is true.
A kinematic vorticity number Nk was used in Melander

and Hussain (1992) as a measure of the quality of rotation,
de®ned as

Nk � jxij2
2SijSij

 !1=2

: �10�

When Nk � 0, the irotational motion is present and in the case
Nk � 1, the motion has a character of a solid-body rotation.

In the present identi®cation of the large coherent structures
in RB convection, we analyse in parallel one realisation of
DNS and several realisations of TRANS, using three di�erent
criteria: D, I2 and Nk .

4.1. Low Ra number

The analysis of the ¯ow structure for TRANS simulations
at Ra � 107 and a direct comparison with DNS results of
W�orner (1994) for Ra � 6:3� 105 will be ®rst presented. In
order to portray the dynamic behaviour of the ¯ow, the
characteristic time evolution of the maximum velocity com-
ponents, as well as the overall Nusselt number at the hot wall,
are monitored for two di�erent aspect ratios, Fig. 6. Three
characteristic time periods can be distinguished: The conduc-
tion dominated period which takes place in the initial stage of
heating, the transitional period and fully turbulent convective

Fig. 7. Instanteneous trajectories of massless particles in the central horizontal plane for one DNS (Ra � 6:5� 105) and one TRANS realisation

(Ra � 107).
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period. The two di�erent aspect ratios show a very similar
behaviour of the Nusselt numbers. The main di�erence is in the
position where intensive heat transfer occurs, s� � 110 for

[4:4:1] and s� � 180 for [8:8:1], where s� � s
���������������
bgDTH
p

=H . As
seen, the lower aspect ratio promotes turbulent regime earlier.
In order to obtain a better insight in the ¯ow structure and to

Fig. 8. Instanteneous trajectories of massless particles in three vertical planes for one DNS (Ra � 6:5� 105) and one TRANS realisation (Ra � 107).

Fig. 9. Comparison of vortical structures in DNS (Ra � 6:3� 105) and TRANS (Ra � 107) for di�erent values of the second invariant of the velocity

gradient tensor (I2 � Q).
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compare how TRANS instantaneous ®elds correspond to
W�orner's DNS data, the streamlines distribution in the central
horizontal plane, z� � 0:5 and in three vertical planes, y� �
0:15; 0:5; 0:85 were plotted for one DNS realisation and for
one instantaneous TRANS ®eld, Figs. 7 and 8. The stream-
lines are plotted by releasing 1500 massless particles from
uniformly distributed origins over the sampling planes of the
instantaneous ®elds, and their distributions were calculated by
applying a second order Runge-Kutta time advection method.
Although the streamline pictures portray very complex ¯ow,
three distinctive regimes can be observed: the regions with a
strong and well de®ned plane circulation (roll structure), the
regions with one-dimensional movements (dark lines) and di-
vergent stagnation regions (unstable focus points). As seen,
DNS and TRANS results show qualitatively very similar
patterns. The only di�erence is in the size of the rolls ± DNS
shows smaller roll patterns but this is to expect due to smaller
value of Ra number. Another reason is that the TRANS can
per se capture only the very large structure while the smaller
ones are ®ltered out.

In order to provide a further analysis of the spatial orga-
nisation of the ¯ow, various vortex identi®cation techniques
were applied in parallel to both the DNS and TRANS results.
The computed second invariants of the velocity gradient ten-
sor (I2 � Q) are presented in Fig. 9. By taking di�erent posi-
tive values of I2, regions with di�erent vortical intensities can
be ®ltered out. A decrease in the values of I2 leads to a more
population of the vortical eddies. In parallel to I2, the D ap-

proach was applied to the same dataset. Very similar struc-
tures were captured with both methods. The same
identi®cation techniques were applied for instantaneous
TRANS results. As seen, many of the characteristic vortical-
eddy shapes observed in DNS ®eld can be recognised in
TRANS results too.

4.2. High Ra number

As in the previous low Ra case, the characteristic time
evolution of the maximum velocity components as well as the
overall Nusselt number at hot and cold wall are monitored,
Fig. 10. After initial period of time (0 < s� < 40) the ¯ow
starts to exhibit a convection dominated regime, characterised
by a dramatic increase in all velocity components. This is ac-
companied by a very intensive heat transfer (40 < s� < 70).

The streamline distribution show very intensive motion
over entire ¯ow domain. The spatial distributions of the
second invariant of the velocity gradient tensor (I2) portray
the organised structures in the ¯ow. A visual inspection of the
streamlines and the corresponding distribution of I2 show
that the I2 approach captures well the regions where rotation
is present. Very similar pictures are obtained by applying D
and Nk criteria. After s� � 80, strong irregularly periodic
oscillations of all maximum velocity components are still
present, but the overall Nu numbers on both walls reach al-
most steady values. The number of peaks in the thermal
structure becomes smaller at a later stage, but the amplitude

Fig. 10. (a) Time evolution of the maximum velocity components; (b)Time evolution of integral surface Nu number; (c) Instantaneous streamlines

and the second invariants of the velocity gradient tensor, I2 for one TRANS realisation at Ra � 109 for the ¯at wall.
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is higher (the peaks almost reach the opposite wall). The
motion is very intensive, but shows well organised spatial
regions of I2. This con®rms the view that the major role of
coherent structures is to promote and intensify the momen-
tum and heat transfer.

5. Conclusions

Numerical simulations of a Rayleigh±B�enard convection
with a conventional single-point turbulence closure demon-
strate that the Reynolds-averaged-Navier±Stokes method
(RANS), applied in transient mode can well reproduce the
mean ¯ow properties, wall heat transfer and second-moment
turbulence statistics. Moreover, the computations capture the
large scale structure in accord with the DNS and experimental
®ndings. The approach can be regarded as VLES, with a sin-
gle-point closure playing the role of a 'subgrid scale model'. In
comparison with the conventional LES, the model of the un-
resolved motion (here an algebraic k ÿ eÿ h2 model) covers a
much larger part of turbulence spectrum (in fact almost the
complete turbulence, apart from the large coherent structure).
This contribution becomes dominant in the near wall region.
Because the adopted model of the unresolved motion was al-
ready tuned to reproduce near-wall ¯ow properties for a va-
riety of situations (though for near-equilibrium conditions),
this model ensures good results also in the present transient
RANS (TRANS) approach. The weaknesses of the conven-
tional single-point model, particularly in regard to the con-
vective transport by large structures (modelled usually as
gradient di�usion) are removed by time and space resolution
of the large structures. The computed mean temperature, its
variance, turbulent heat ¯ux and wall heat transfer for Ray-
leigh B�enard convection over a ¯at wall in a range of Rayleigh
numbers (106±109) agree well with available DNS and experi-
mental results. Application of several structure identi®cation
methods (second invariant of the velocity gradient tensor,
discriminant of the characteristic equation, and kinematic
vorticity number) to a parallel analysis of selected TRANS and
DNS realisations show a close similarity of the spatial orga-
nisation and of the main features of the large coherent struc-
ture. This is also con®rmed by instantaneous trajectory
visualisation.
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